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============

In mathematical literature, ordinary differential equations have been studied for more than 300 years since the seventeenth century after the concepts of differentiation and integration were formulated by Newton and Leibniz. By means of ordinary differential equations, researchers can explain many natural phenomena like gravity, projectiles, wave, vibration, nuclear physics, and so on. In addition, in Newtonian mechanics, the system's state variable changes over time, and the law that governs the change of the system's state is normally described by an ordinary differential equation. The question concerning the stability of ordinary differential equations has been originally raised by the general problem of the stability of motion \[[@CR1]\].

However, thereafter along with the development of technology, it have been seen that the ordinary differential equations cannot respond to the needs arising in sciences and engineering. For example, in many applications, it can be seen that physical or biological background of a modeling system shows that the change rate of the system's current status often depends not only on the current state but also on the history of the system. This usually leads to the so-called retarded functional differential equations \[[@CR2]\].

In particular, for more results on the stability, boundedness, convergence, etc. of ordinary or functional differential equations of fourth order, see the book of Reissig et al. \[[@CR3]\] as a good survey for the works done by 1974 and the papers of Burton \[[@CR4]\], Cartwright \[[@CR5]\], Ezeilo \[[@CR6]--[@CR9]\], Harrow \[[@CR10], [@CR11]\], Tunç \[[@CR12]--[@CR18]\], Remili et al. \[[@CR19]--[@CR23]\], Wu \[[@CR24]\] and others and the references therein. This information indicates the importance of investigating the qualitative properties of solutions of retarded functional differential equations of fourth order.
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Motivated by the results of references, we obtain some new results on the uniform asymptotic stability and boundedness of the solutions by means of Lyapunov's functional approach. Our results differ from those obtained in the literature (see, \[[@CR1]--[@CR44]\] and the references therein). By this way, we mean that this paper has a contribution to the subject in the literature, and it may be useful for researchers working on the qualitative behaviors of solutions of functional differential equations of higher order. In view of all the mentioned information, the novelty and originality of the current paper can be checked.
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                \begin{document} $$\begin{aligned} \vert V_{9} \vert \leq& \bigl\vert d^{\prime}(t) \bigr\vert \bigl[ 2\beta H(x)+\alpha h_{0}y^{2}+h^{2}(x)+y^{2}+ \alpha\bigl( h^{2}(x)+z^{2} \bigr) \bigr] \\ &{}+ \bigl\vert c^{\prime}(t) \bigr\vert \bigl[ y^{2}+ \alpha\bigl( y^{2}+z^{2} \bigr) \bigr] + \bigl\vert b^{\prime}(t) \bigr\vert \bigl[ \alpha z^{2}+\beta y^{2} \bigr] \\ &{}+ \bigl\vert a^{\prime}(t) \bigr\vert \bigl[ z^{2}+2 \beta\bigl( y^{2}+z^{2} \bigr) \bigr] \\ \leq&\lambda_{2} \bigl[ \bigl\vert a^{\prime}(t) \bigr\vert + \bigl\vert b^{\prime}(t) \bigr\vert + \bigl\vert c^{\prime}(t) \bigr\vert + \bigl\vert d^{\prime}(t) \bigr\vert \bigr] \bigl( y^{2}+z^{2}+w^{2}+H(x) \bigr) \\ \leq&2\frac{\lambda_{2}}{D_{0}} \bigl[ \bigl\vert a^{\prime }(t) \bigr\vert + \bigl\vert b^{\prime}(t) \bigr\vert + \bigl\vert c^{\prime }(t) \bigr\vert + \bigl\vert d^{\prime}(t) \bigr\vert \bigr] V, \end{aligned}$$ \end{document}$$ such that $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \overset{.}{V}_{(2)} \leq&-D_{3} \bigl( y^{2}+z^{2}+w^{2} \bigr) + ( \beta y+z+\alpha w ) p(t,x,y,z,w) \\ &{}+\frac{1}{\eta} \bigl( \bigl\vert a^{\prime}(t) \bigr\vert + \bigl\vert b^{\prime}(t) \bigr\vert + \bigl\vert c^{\prime}(t) \bigr\vert + \bigl\vert d^{\prime}(t) \bigr\vert + \vert \theta _{1} \vert + \vert \theta_{2} \vert + \vert \theta _{3} \vert \bigr) V. \end{aligned}$$ \end{document}$$ From (A4), (A5),(iii), ([10](#Equ10){ref-type=""}), ([11](#Equ11){ref-type=""}), ([13](#Equ13){ref-type=""}) and the Cauchy-Schwarz inequality, we get $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \overset{.}{W}_{(2)} =& \biggl( \overset{.}{V}_{(2)}- \frac{1}{\eta }\gamma(t)V \biggr) e^{-\frac{1}{\eta}\int_{0}^{t}\gamma(s)\,ds} \\ \leq& \bigl( -D_{3} \bigl( y^{2}+z^{2}+w^{2} \bigr) + ( \beta y+z+\alpha w ) p(t,x,y,z,w) \bigr) e^{-\frac{1}{\eta }\int_{0}^{t}\gamma(s)\,ds} \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \leq& \bigl( \beta \vert y \vert + \vert z \vert +\alpha \vert w \vert \bigr) \bigl\vert p(t,x,y,z,w) \bigr\vert \\ \leq&D_{4} \bigl( \vert y \vert + \vert z \vert + \vert w \vert \bigr) \bigl\vert e(t) \bigr\vert \\ \leq&D_{4} \bigl( 3+y^{2}+z^{2}+w^{2} \bigr) \bigl\vert e(t) \bigr\vert \\ \leq&D_{4} \biggl( 3+\frac{1}{D_{2}}W \biggr) \bigl\vert e(t) \bigr\vert \\ \leq&3D_{4} \bigl\vert e(t) \bigr\vert +\frac{D_{4}}{D_{2}}W \bigl\vert e(t) \bigr\vert , \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$D_{4}=\max \{ \alpha,\beta,1 \} $\end{document}$. Integrating ([15](#Equ15){ref-type=""}) from 0 to *t* and using condition (iv) and the Gronwall inequality, we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} W \leq&W \bigl( 0,x(0),y(0),z(0),w(0) \bigr) +3D_{4}\eta _{3} \\ &{}+\frac{D_{4}}{D_{2}} \int_{0}^{t}W \bigl( s,x(s),y(s),z(s),w(s) \bigr) \bigl\vert e(s) \bigr\vert \,ds \\ \leq& \bigl( W \bigl( 0,x(0),y(0),z(0),w(0) \bigr) +3D_{4}\eta _{3} \bigr) e^{\frac{D_{4}}{D_{2}}\int_{0}^{t} \vert e(s) \vert \, ds} \\ \leq& \bigl( W \bigl( 0,x(0),y(0),z(0),w(0) \bigr) +3D_{4}\eta _{3} \bigr) e^{\frac{D_{4}}{D_{2}}\eta_{3}}=K_{1}< \infty. \end{aligned}$$ \end{document}$$ Because of inequalities ([11](#Equ11){ref-type=""}) and ([16](#Equ16){ref-type=""}), we write $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \bigl( x^{2}+y^{2}+z^{2}+w^{2} \bigr) \leq\frac{1}{D_{2}}W\leq K_{2}, $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$K_{2}=\frac{K_{1}}{D_{2}}$\end{document}$. Clearly, ([17](#Equ17){ref-type=""}) implies that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \bigl\vert x(t) \bigr\vert \leq\sqrt{K_{2}},\qquad\bigl\vert y(t) \bigr\vert \leq\sqrt{K_{2}},\qquad\bigl\vert z(t) \bigr\vert \leq\sqrt{K_{2}},\qquad\bigl\vert w(t) \bigr\vert \leq \sqrt{K_{2}}\quad\text{for all }t\geq0. $$\end{document}$$ Hence $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{gathered} \bigl\vert x(t) \bigr\vert \leq\sqrt{K_{2}},\qquad \bigl\vert x^{\prime }(t) \bigr\vert \leq\sqrt{K_{2}},\qquad \bigl\vert x^{\prime\prime }(t) \bigr\vert \leq\sqrt{K_{2}},\\ \bigl\vert x^{\prime\prime\prime }(t) \bigr\vert \leq\sqrt{K_{2}}\quad\text{for all }t\geq0. \end{gathered} $$\end{document}$$ Now, we prove the square integrability of solutions and their derivatives. We define $\documentclass[12pt]{minimal}
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                \begin{document}$$ F_{t}=W+\rho \int_{0}^{t} \bigl( y^{2}(s)+z^{2}(s)+w^{2}(s) \bigr) \,ds, $$\end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\rho>0$\end{document}$. It is easy to see that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$F_{t}$\end{document}$ is positive definite since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$ e^{-\frac{\eta_{1}+\eta_{2}}{\eta}}\leq e^{-\frac{1}{\eta}\int_{0}^{t}\gamma(s)\,ds}\leq1 $$\end{document}$$ by ([15](#Equ15){ref-type=""}), we have the following: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned}[b] \overset{.}{F_{t}}_{(2)} &\leq-D_{3} \bigl( y^{2}(t)+z^{2}(t)+w^{2}(t) \bigr) e^{-\frac{\eta_{1}+\eta_{2}}{\eta}} \\ &\quad {}+D_{4} \bigl( \bigl\vert y(t) \bigr\vert + \bigl\vert z(t) \bigr\vert + \bigl\vert w(t) \bigr\vert \bigr) \bigl\vert e(t) \bigr\vert \\ &\quad {}+\rho\bigl( y^{2}(t)+z^{2}(t)+w^{2}(t) \bigr). \end{aligned} $$\end{document}$$
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                \begin{document}$\rho=D_{3}e^{-\frac{\eta_{1}+\eta_{2}}{\eta}}$\end{document}$, we obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned}[b] \overset{.}{F_{t}}_{(2)} &\leq D_{4} \bigl( 3+y^{2}(t)+z^{2}(t)+w^{2}(t) \bigr) \bigl\vert e(t) \bigr\vert \\ &\leq D_{4} \biggl( 3+\frac{1}{D_{2}}W \biggr) \bigl\vert e(t) \bigr\vert \\ &\leq 3D_{4} \bigl\vert e(t) \bigr\vert +\frac{D_{4}}{D_{2}}F_{t} \bigl\vert e(t) \bigr\vert . \end{aligned} $$\end{document}$$

Integrating inequality ([20](#Equ20){ref-type=""}) from 0 to *t* and using again the Gronwall inequality and condition (iv), we get $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} F_{t} \leq&F_{0}+3D_{4}\eta_{3}+\frac{D_{4}}{D_{2}} \int_{0}^{t}F_{s}\vert e(s) \vert \,ds \\ \leq& ( F_{0}+3D_{4}\eta_{3} ) e^{\frac{D_{4}}{D_{2}}\int_{0}^{t} \vert e(s) \vert \,ds} \\ \leq& ( F_{0}+3D_{4}\eta_{3} ) e^{\frac{D_{4}}{D_{2}}\eta _{3}}=K_{3}< \infty. \end{aligned}$$ \end{document}$$ Therefore, $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \int_{0}^{\infty}y^{2}(s)\,ds< K_{3}, \qquad \int_{0}^{\infty }z^{2}(s)\,ds< K_{3}, \qquad \int_{0}^{\infty}w^{2}(s)\,ds< K_{3}, $$\end{document}$$ which implies that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \int_{0}^{\infty} \bigl[ x^{\prime}(s) \bigr] ^{2}\,ds< K_{3},\qquad \int_{0}^{\infty} \bigl[ x^{\prime\prime}(s) \bigr] ^{2}\,ds< K_{3},\qquad \int_{0}^{\infty} \bigl[ x^{\prime\prime\prime}(s) \bigr] ^{2}\,ds< K_{3}, $$\end{document}$$ which completes the proof of the theorem. □

Remark 1 {#FPar5}
--------
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                \begin{document} $$\begin{aligned} \overset{.}{W_{(2)}} =& \biggl( \overset{.}{V}_{(2)}- \frac{1}{\eta}\gamma(t)V \biggr) e^{-\frac{1}{\eta}\int_{0}^{t}\gamma(s)\,ds} \\ \leq&-D_{3}\bigl(y^{2}+z^{2}+w^{2} \bigr)e^{-\frac{1}{\eta}\int_{0}^{t}\gamma(s)\,ds} \\ \leq&-\mu\bigl(y^{2}+z^{2}+w^{2}\bigr), \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$x=y=z=w=0$\end{document}$. The above discussion guarantees that the trivial solution of equation ([1](#Equ1){ref-type=""}) is uniformly asymptotically stable, and the same conclusion as in the proof of the theorem can be drawn for square integrability of solutions of equation ([1](#Equ1){ref-type=""}).

Example 1 {#FPar6}
---------

We consider the following fourth order nonlinear differential equation with delay: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned}[b] &x^{(4)}+\bigl(e^{-2t}\sin 3t+2\bigr) \biggl( \biggl(\frac{5x+2e^{x}+2e^{-x}}{e^{x}+e^{-x}}\biggr)x^{\prime\prime} \biggr) ^{\prime} \\ &\qquad{}+\biggl(\frac{\sin2t+11t^{2}+11}{t^{2}+1}\biggr) \biggl( \biggl(\frac{\sin x+9e^{x}+9e^{-x}}{e^{x}+e^{-x}} \biggr)x^{\prime} \biggr) ^{\prime} \\ &\qquad{}+\bigl(e^{-t}\sin t+3\bigr) \biggl(\frac{x\cos x+x^{4}+1}{x^{4}+1} \biggr)x^{\prime}+\biggl(\frac{\sin ^{2}t+t^{2}+1}{5t^{2}+5}\biggr) \biggl( \frac{x(t-\frac {1}{17})}{x^{2}(t-\frac{1}{17})+1} \biggr) \\ &\quad=\frac{2\sin t}{t^{2}+1+(x^{\prime}x^{\prime\prime })^{2}+(xx^{\prime \prime\prime})^{2}} \end{aligned} $$\end{document}$$ by taking $\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{gathered} \int_{-\infty}^{+\infty} \bigl( \bigl\vert g^{\prime}(s) \bigr\vert + \bigl\vert q^{\prime}(s) \bigr\vert + \bigl\vert f^{\prime}(s) \bigr\vert \bigr) \,ds< \infty, \\ \int_{0}^{\infty} \bigl( \bigl\vert a^{\prime}(t) \bigr\vert + \bigl\vert b^{\prime}(t) \bigr\vert + \bigl\vert c^{\prime}(t) \bigr\vert + \bigl\vert d^{\prime}(t) \bigr\vert \bigr) \,dt< \infty. \end{gathered} $$\end{document}$$ Thus all the assumptions of Theorem [1](#FPar3){ref-type="sec"} hold. This shows that every solution of equation ([23](#Equ23){ref-type=""}) is bounded and square integrable.

Conclusion {#Sec4}
==========

A class of nonlinear retarded functional differential equations of fourth order is considered. Sufficient conditions are established guaranteeing the uniform asymptotic stability of the solutions for $\documentclass[12pt]{minimal}
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                \begin{document}$p(t,x,x^{\prime },x^{\prime\prime},x^{\prime\prime\prime})\equiv0$\end{document}$ and also square integrability and boundedness of solutions of equation ([1](#Equ1){ref-type=""}) with delay. In the proofs of the main results, we benefit from Lyapunov's functional approach. The results obtained essentially improve, include and complement the results in the literature.
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